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Abstract. We present a procedure to construct (n + l)-Hom-Nambu-Lie al- 
gebras from Ji-Hom-Nambu-Lie algebras equipped with a generalized trace 
function. It turns out that the implications of the compatibility conditions, 
that are necessary for this construction, can be understood in terms of the ker- 
nel of the trace function and the range of the twisting maps. Furthermore, we 
investigate the possibility of defining (n + fe)-Lie algebras from n-Lie algebras 
and a fc-form satisfying certain conditions. 



1. Introduction 

Lie algebras and Poisson algebras have played an extremely important role in math- 
ematics and physics for a long time. Their generalizations, known as 71-Lie algebras 
and "Nambu algebras" [231 EH US] also arise naturally in physics and have, for 
instance, been studied in the context of "M-branes" [TH [25]. Moreover, it has 
recently been shown that the differential geometry of rt-dimensional Riemannian 
submanifolds can be described in terms of an n-ary Nambu algebra structure on 
the space of smooth functions on the manifold [8]. 

A long-standing problem related to Nambu algebras is their quantization. For 
Poisson algebras, the problem of finding an operator algebra where the commutator 
Lie algebra corresponds to the Poisson algebra is a well-studied problem, e.g. in the 
context of matrix regularizations [Sj [H [Sj [BJ [7] . For higher order algebras much less 
is known and the corresponding problem seems to be difficult to study. A Nambu- 
Lie algebra is defined in general by an n-ary multilinear multiplication which is 
skew-symmetric and satisfies an identity extending the Jacobi identity for the Lie 
algebras. For n — 3 this identity is 

[xi,X2, [X3,X4,X5]] = [[X1,X2,X3],X4:,X5] + [xs, [xi, X2, X4], X5] + [X3,X4, [xi,X2,X5]]. 

In Nambu-Lie algebras, the additional freedom in comparison with Lie algebras is 
mainly limited to extra arguments in the multilinear multiplication. The identities 
of Nambu-Lie algebras are also closely resembling the identities for Lie algebras. 
As a result, there is a close similarity between Lie algebras and Nambu-Lie alge- 
bras in their appearances in connection to other algebraic and analytic structures 
and in the extent of their applicability. Thus it is not surprising that it becomes 
unclear how to associate in meaningful ways ordinary Nambu-Lie algebras with 
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the important in physics generahzations and quantum deformations of Lie alge- 
bras when typically the ordinary skew-symmetry and Jacobi identities of Lie alge- 
bras are violated. However, if the class of Nambu-Lie algebras is extended with 
enough extra structure beyond just adding more arguments in multilinear multipli- 
cation, the natural ways of association of such multilinear algebraic structures with 
generalizations and quantum deformations of Lie algebras may become feasible. 
Hom-Nambu-Lie algebras are defined by a similar but more general identity than 
that of Nambu-Lie algebras involving some additional linear maps. These linear 
maps twisting or deforming the main identities introduce substantial new freedom 
in the structure allowing to consider Hom-Nambu-Lie algebras as deformations of 
Nambu-Lie algebras (n-Lie algebras). The extra freedom built into the structure 
of Hom-Nambu-Lie algebras may provide a path to quantization beyond what is 
possible for ordinary Nambu-Lie algebras. All this gives also important motivation 
for investigation of mathematical concepts and structures such as Leibniz n-ary 
algebras [161 123] and their modifications and extensions, as well as Hom-algebra 
extensions of Poisson algebras \A0^ . For discussion of physical applications of these 
and related algebraic structures to models for elementary particles, and unification 
problems for interactions see [T| [27 l [28 l [29 l l30] . 

The general Hom-algebra structures arose first in connection to quasi-deformation 
and discretizations of Lie algebras of vector fields [HJ . These quasi-deformations 
lead to quasi-Lie algebras, quasi-Hom-Lie algebras and Hom-Lie algebras, which are 
generalized Lie algebra structures with twisted skew-symmetry and Jacobi condi- 
tions. The first motivating examples in physics and mathematics literature are 
(j-deformations of the Witt and Virasoro algebras constructed in the investigations 
of vertex models in conformal field theory [1 [T71 M, 19, 2 Oj [SB [H [23 [34, ^ ^ . 
Motivated by these and new examples arising as applications of the general quasi- 
deformation construction of [24l [31] [32] on the one hand, and the desire to be 
able to treat within the same framework such well-known generalizations of Lie 
algebras as the color and super Lie algebras on the other hand, quasi-Lie algebras 
and subclasses of quasi-Hom-Lie algebras and Hom-Lie algebras were introduced in 
[24l[31i 32, 33, 37,. In Hom-Lie algebras, skew-symmetry is untwisted, whereas the 
Jacobi identity is twisted by a single linear map and contains three terms as for Lie 
algebras, reducing to the Jacobi identity for ordinary Lie algebras when the linear 
twisting map is the identity map. 

In this paper, we will be concerned with n-Hom-Nambu-Lie algebras, a class of 
n-ary algebras generalizing n-ary algebras of Lie type including n-ary Nambu alge- 
bras, n-ary Nambu-Lie algebras and n-ary Lie algebras [10119]. In [9|, a method was 
demonstrated of how to construct ternary multiplications from the binary multipli- 
cation of a Hom-Lie algebra, a linear twisting map, and a trace function satisfying 
certain compatibility conditions; and it was shown that this method can be used to 
construct ternary Hom-Nambu-Lie algebras from Hom-Lie algebras. In this article 
we extend the results and the binary-to-ternary construction of [9| to the general 
case of n-ary algebras. This paper is organized as follows. In Section [2] we review 
basic concepts of Hom-Lie, and n-Hom- Nambu-Lie algebras. In Section [3] we pro- 
vide a construction procedure of (n + l)-Hom-Nambu-Lie algebras starting from 
an n-Hom-Nanibu-Lie algebra and a trace function satisfying certain compatibility 
conditions involving the twisting maps. To this end, we use the ternary bracket 
introduced in [llj . In Section [4l we investigate how restrictive the compatibility 
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conditions are. The mutual position of kernels of twisting maps and the trace play 
an important role in this context. Finally, in Section |6l we investigate the possi- 
bility to define {n + fc)-Lie algebras starting from an n-Lie algebra and a fc-form 
satisfying certain conditions. 

2. Preliminaries 

In (To], generalizations of n-ary algebras of Lie type and associative type by 
twisting the identities using linear maps have been introduced. These generaliza- 
tions include n-ary Hom-algebra structures generalizing the n-ary algebras of Lie 
type including n-ary Nambu algebras, n-ary Nambu-Lie algebras and n-ary Lie al- 
gebras, and n-ary algebras of associative type including n-ary totally associative 
and n-ary partially associative algebras. 

Definition 2.1. A Horn-Lie algebra (V, [•,•], a) is a vector space V together with 
a skew-symmetric bilinear map ■] : V x V ^ V and a linear map a : V ^ V 
satisfying 

[a{x), [y, z]] = [[x, y],a{z)] + [a{y), [x, z]] 

for all x,y^ z ^ V. 

Definition 2.2. A n-Hom-Nambu-Lie algebra (V, [•,..., •], ai, . . . , a„_i) is a vector 
space V together with a skew-symmetric multilinear map [•,...,•] : V" — )> V and 
linear maps ai, . . . , a„_i : V ^ V such that 

[ai(xi), . . . ,a„_i(a;„_i), [yi, . . . ,y„]] 

n 

= ^[(^livi)^ ■ ■ • ,afc-i(yfc-i), [xi, . . . ,Xn-i,yk],ak{yk+i), ■ ■ . ,a„-i(y„)] 
fc=i 

for all xi, . . . , x„_i, yi, . . . ,y„ G V. The linear maps ai, . . . , a„_i are called the 
twisting maps of the Hom-Nambu-Lie algebra. A n-Lie algebra is an n-Hom-Lie 
algebra with ai ~ a2 ~ ■ ■ ■ — a„_i = idy. 

3. Construction of Hom-Nambu-Lie algebras 

In [9], the authors introduced a procedure to induce 3-Hom- Nambu-Lie algebras 
from Hom-Lie algebras. In the following, we shall extend this procedure to induce 
a (n-l-l)-Hom-Nambu-Lie algebra from an n-Hom-Nambu-Lie algebra. Let us start 
by defining the skew-symmetric map that will be used to induce the higher order 
algebra. In the following, K denotes a field of characteristic 0, and V a vector space 
over K. 

Definition 3.1. Let (j) : V" V he an n- linear map and let r be a map from V 
to K. Define (/)^ : V hy 

n+l 

(3.1) ^r(a;i, . . ■,Xn+l) = ^{-lfT{xk)(l){xi, . . . ,ife, . . .,Xn+l), 

k=l 

where the hat over Xk on the right hand side means that Xk is excluded, that is (jj 
is calculated on (xi, . . . , Xk-i,Xk+i, ■ ■ ■ , Xn+i)- 

We will not be concerned with just any linear map r, but rather maps that have 
a generalized trace property. Namely 
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Definition 3.2. For cj) : V" V we call a linear map r : ^ — ?• K a <p-trace if 

T{(j}{xi, . . . ,Xn)) = for all Xl, . . . ,Xn & V. 

Lemma 3.3. Let <j) : V^" V be a totally skew- symmetric n-linear map and t 
a linear map V ^ 'K. Then (p^ is a (n + l)-linear totally skew- symmetric map. 
Furthermore, if t is a (j)-trace then t is a (pT-trace. 

Proof. The (n+l)-linearity property of (pr follows from n- linearity of and linearity 
of r as it is a linear combination of {n + l)-linear maps 

T{xk)(t){xi,. . . ,ifc, . . . ,x„+i), 1 < fc < n + 1. 

To prove total skew-symmetry one simply notes that 

(j)r{xi,...,Xn+l) ^ ^ ^ Sgn(CT)T(a;^(l))0(x„(2), . . . ,X^(„+1)), 

which is clearly skew-symmetric. Since each term in 4)^ is proportional to (j) ^-nd 
since r is linear and a (/)-trace, r will also be a 0^-trace. □ 

The extension of Theorem 3.3 in [9] can now be formulated as follows: 

Theorem 3.4. Let (V, (/>, ai, . . . , an-i) he a n-Hom-Nambu-Lie algebra, t a (p-trace 
and an ■ V ^ V a linear map. If it holds that 

(3.2) T(a,(x))T(y) = r(x)r(a,(y)) 

(3.3) T{ai{x))aj{y) ai{x)T{aj{y)) 

for all i, j G {1, . . . ,n} and all x,y £ V , then (V, 0^ , cti, • • ■ , Q^n) *s a ('t- + 1)- 
Hom-Nambu-Lie algebra. We shall say that (V, ai, a„) is induced from 
(y, (/), ai, . . . , a„_i). 

Proof. Since (pr is skew-symmetric and multilinear by Lemma 13.31 one only has to 
check that the Hom-Nambu-Jacobi identity is fulfilled. This identity is written as 

n+l 

(pr (ai('«i), ■ • • ,as-i(ws-i), 0r(a;i, . . . , a;„, u^), ^^(ms+i), • • • ,an('«n+i)) 

s=l 

- (pr{oii{xi), . . . ,Q!„(a;„), (pr{ui,... , W„+l)) = 0. 
Let us write the left-hand-side of this equation as ^ — _B where 

n+l 

{Us+l), . . . ,Q!„(u„+i)) 

s=l 

B = (pr{ai{xi), . . . ,an{Xn),(pr{ui, ■ . ■ , U,i+l)). 

Furthermore, we expand B into terms Bki such that 
Bki = i-l)^+'T{akixk))Tiui)x 

X (p(ai{xi), . . . ,akiXk), ■ . ■ ,aniXn), (p{ui, . . . . . . , Un+l)) 

n n+l 
k=l 1 = 1 
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taking into account that r is a </)-trace form. We expand A as 

n+l 

A =(-1)"+^ ^ T{us)<pT{ai{ui), (t){xi,. . . , Xn), • ■ ■ , a„(u„+i)) 

n+l n 

+ ^ '^{-l)''T{xk)(l)T (ai(Mi), • ■ • , '/>(a;i, . . . , Xfc, . . . , x„, Us), . . . , a„(u„+i)) 

s=l A;=l 
= (_l)»+l^(l)+^(2)_ 

Let us now show that A'-^^ — 0. For every choice of integers fc < / e {1, . . . , n + 1}, 
A^^^ contains two terms where one r involves Uk and the other r involves ui. Namely, 

n+l 



X 0(ai(ui), . . . , afc-i(ufe-i), . . . ,Xn), . • . , ai_i(u;), . . . , a„(u„+i)) 

n+l 

+ E (-i)''^(wi)^("feK))x 

fc<i=l 

X 0(q!i(ui), . . . ,afe(Mfc), . . . , 4>ixi, . . . ,Xn),ai{ui+i), . . . , a„(u„+i)). 
By using relations p. 21) and p.3l) one can write these two terms together as 

n+l 

fe</=l 

X . . . , ak-iiuk-i),4>{xi, . . . ,x„), . . . , Q!/_i(u/), . . . , a„(u„+i)), 

and it follows from p.2p that each term in this sum is zero. Let us now consider 
the expansion of A^^^ via 

i-i 



s=l 



X (/)(ai(ui), . . . , 0(a;i, . . . , ifc, . . . , x„, m^), . . . , ai-i{ui), .. ., a„(u„+i)) 



n+l 



+ E (-l)'+'r(xfc)r(a,(ui))x 

s=i+l 

X (/)(q!i(ui ),..., ... , 0(X1, . . . ,Xk, ■ ■ ■ ,Xn,Us), . . . ,an{Un+l))- 

One notes that relations p.2p and p.3p allows one to swap any ai and aj in the 



expression above. Therefore, Bki — Aj^i will be proportional to the Hom-Nambu- 
Jacobi identity for (j) (acting on the elements xi, . . . , Xfc, . . . , x„, ui, . . . , m;, . . . , Un+i) 
since one can make sure that q;„ , which is not one of the twisting maps of the original 
Hom-Nambu-Lie algebra, appears outside any bracket. Hence, A^-^^ —5 = and 
the Hom-Nambu-Jacobi identity is satisfied for (j>r- O 

Since t is also a 0T--trace, one can repeat the procedure in Theorem 13.41 to induce 
a (n + 2)-Hom-Nambu-Lie algebra from an 7i-Hom-Nambu-Lie algebra. However, 
the result is an abelian algebra. 
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Proposition 3.5. Let A = (V, ai, . . . , ckn-i) he a n- Horn- Nambu- Lie algebra. 
Let A' be any {n + l)- Horn- Nambu- Lie algebra induced from A via the <j)-trace t. If 
A" is a {n 2) -Horn- Nambu- Lie algebra induced from A' using the same r again, 
then A" is abelian. 

Proof. By the definition of (pr, the bracket on the algebra A" can be written as 

n+2 
fc=l 

Expanding the bracket 0t-, there will be, for every choice of integers k < I, two 
terms which are proportional to T(xfc)r(x;). Their sum becomes 



T{xu)T{xi)(ly{xi, ...,Xk,...,xi,..., x,,+2) + 



0. 



Hence, (0r)r(a;i, . . . ,Xn+2) = for ah xi, . . . ,Xn+2 □ 

Note that one might choose a different (/)^-trace when repeating the construction, 
and this can lead to non-abelian algebras as in the following example. 

Example 3.6. Let us use an example from [5], where one starts with a Hom-Lie 
algebra defined on a vector space V = span(a;i, X2, ^3, X4) via 

[xi,Xj] = aijXs + hijXi 

and ai{xi) = 2:3 for i = 1, . . . , 4. This will be a Hom-Lie algebra provided Oij, bij 
satisfy certain conditions; let us for definiteness choose 
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together with Oij — 1 for all i < j . To construct a 3- Hom- Nambu- Lie algebra we set 
t{x3) = t(x4) = 0, t{xi) = t{x2) = 1 and 02(2;^) — x^ for i = 1, . . . , 4. One can 
easily check that t is a (p-trace and that the compatibility conditions are fulfilled. 
The induced algebra will then have the following brackets: 

[xi, a;2, 2:3] = -bx4 
[xi,X2,X4] = -ex A 
[xi, X3, 0:4] = X3 + CX4 
[a;2,a;3, x^] = X3 + cx^. 

Now, we want to continue this process and find another trace p together with a 
linear map such that the resulting 4- Hom- Nambu- Lie algebra is non-abelian. 
By choosing p{x3) = p{x4) — 0, p{x\) — 6\, p{x2) — (^2 and 03 ~ a\, one sees 
that p is a trace and that the compatibility conditions are fulfilled. The induced 
A- Hom- Nambu- Lie algebra has only one independent bracket, namely 

[xi,a;2,X3,a;4] = {82 - 5i){xz +0x4), 

which is non-zero for 5i ^82. 
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4. The compatibility conditions 

Given an n-Honi-Nambu-Lie algebra we ask the question: Can we find a trace 
and a linear map such that a (ri + l)-Hom-Nambu-Lie algebra can be induced? In 
the following we shall study the implications of the assumptions in Theorem 13.41 it 
turns out that the relation between the kernel of r and the range of ai is important. 

Definition 4.1. Let be a vector space, ai, . . . , a„ linear maps V and r a 
linear map — > K. The tuple (ai, . . . , a„, r) is compatible on V if 

(4.1) T{ai{x))T{y) = T{x)T{ai(y)) 

(4.2) T(ai{x))aj{y) ^ ai{x)T(aj{y)) 

for all x,y E V and i,j G {1, . . . ,n}. A compatible tuple is nondegenerate if 
ker(r) ^ V and ker(T) ^ {0}. 

We introduce K — ker(T) and U — V\K. Note that for a nondegenerate compatible 
tuple U is always non-empty and K contains at least one non-zero element. 

Lemma 4.2. // (ai, . . . , a„, r) is a nondegenerate compatible tuple on V then 
o:i{K) C K for i — 

Proof. Let x be an arbitrary element of K . Since the tuple is assumed to nonde- 
generate, there exists a non-zero element y U. Relation (|3.2p applied to x and y 
gives 

T(y)T{ai{x)) = 0, 

and since r(y) ^ this implies that T[ai{x)) =0. □ 

Lemma 4.3. Let (ai, . . . , a„, t) be a nondegenerate compatible tuple on V and 
assume that there exists an element u G U such that a{u) G K . Then a{V) C K . 

Proof. Let x be an arbitrary element of V. Relation (|3.2p applied to x and u gives 

T(u)r(ai(a;)) = 0, 

and since r (u) ^ it follows that T{ai{x)) =0. □ 

Hence, for a nondegenerate compatible tuple it either holds that ai{V) C K or 
a,{U) C U. 

Proposition 4.4. Let [ai, . . . , a„, t) be a nondegenerate compatible tuple on V and 
assume that there exist i,j G {1, . . . , n} such that ai(U) C U and oij(U) C U . Then 
there exists Xij G K\{0} such that ai — Xijaj, where Xij = r(ai(u))/r(aj(M)) for 
any u E U . 



Proof. With u E U and x E V equation (|3.3p becomes 

T(ai{u))aj{x) = T(aj{u))ai{x). 
By assumption, T(Q!i(u)) 7^ and T(aj(u)) ^ 0, which implies that 

r(a,(u)) 

which proves the statement. □ 
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Proposition 4.5. Let (ai, . . . , a^, r) he a nondegenerate compatible tuple on V 
and assume there exist i,j G {l,...,n} such that ai{U) C U and OLj{U) C K. 
Then aj{x) = for all x £V. 

Proof. Assume that ai{U) C U and ctj{U) C K and let u ^ U and x . Equation 
p.3|) gives 

T[ai{u))aj{x) = 0, 

wtiicli implies that OLj{x) = since ai{u) G [/. □ 

The above results tell us that given an n-Hom-Nambu-Lie algebra with twisting 
maps cki, . . . , a„_i, and a i/i-trace r, there is not much choice when choosing a„. 
Namely, if there is a twisting map oti such that ai{U) C {7 then either a„ = 
or a„ is proportional to a^. In the case when ai{U) C if for i = 1, . . . , n — 1 
one has slightly more freedom of choosing a„, but note that unless Q!„(J7) C K, 
Proposition 14.51 gives ai = for i = 1, . . . , n — 1. When ai{U) C K ioT i — 1, . . . ,n 
the compatibility conditions (|3.2|) and (|3.3|) are automatically satisfied. 

Hence, there are two potentially interesting cases which give rise to non-zero 
twisting maps: 

(CI) a,(C/) C [/ for i 

(C2) a,{U) CK tor i = l,...,n. 

In case fjCip all the twisting maps will be proportional. 

Having considered the case of nondegenerate compatible tuples, let us show that 
degenerate ones lead to abelian algebras. 

Proposition 4.6. Let A = {V,(f>r,ai, . . . ,a„) be a Hom-Nambu-Lie algebra in- 
duced by (y, 0, Q!i, . . . , Q!„_i) and a 4>-trace r. // (ai, . . . , a„, r) is a degenerate 
compatible tuple then A is abelian. 

Proof. By the definition of ((jt it is clear that if kcr t = V then 0t- [xi , . . . , Xn+i) = 
for all xi, . . . ,Xn+i G V. Now, assume that kerr = {0}. Since r is a (p-trace one 
has that t(^(xi, . . . , Xn)) — for all xi, . . . , x„ G V. Hence, (f>{xi, . . . , a;„) is in 
kerr which implies that (p^xi, . . . ,Xn) = 0. From this it immediately follows that 
iprixi, . . . ,x„+i) = for all xi, . . . , a;„+i G □ 

5. Twisting of h-ary Hom-Nambu-Lie algebras 

In [17] the general property that an n-Lie algebra induces a {n — fc)-Lie algebra by 
fixing k elements in the bracket, was extended to Hom-Nambu-Lie algebras. 

Definition 5.1. Let (j) : V he a. linear map and let ai, . . . , (with k < n) 

be elements of V. By TTai---ak4' '^e denote the map y"^'^' V defined by 

(5.1) (7rQj...Q^.(/))(xi, . . . ,Xn-k) = ^(a^i, . . . ,a;„_fc, ai, . . . , afe). 

The result in [47] can now be stated as 

Proposition 5.2. Let (y, 0, ai, . . . , a„_i) be an n- Hom-Nambu-Lie algebra and 
let oi, . . . , flfe G V (with k < n) be elements such that Un-k-i+iio-i) = a-i for i — 
1, . . . , fc. Then (V, 'Kai---au4'i CH: ■ • ■ j c^n-fc-i) is a {n — k)- Hom-Nambu-Lie algebra. 

Hence, given an n-Hom-Nambu-Lie algebra one can create a "twisted" n-Hom- 
Nambu-Lie algebra by applying Proposition 15.21 and Theorem 13.41 
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Proposition 5.3. Let (V, (j),ai, . . . , a„_i) be an n- Horn- Nambu- Lie algebra, t a (p- 
trace and an '■ V V a linear map such that equations iS.S^) and iS. 3\) are fulfilled. 
If there exists an element a V such that a„(a) = a then (V, TTai/)^, ai, . . . ,a„„i) 
is an n-Hom-Nambu-Lie algebra with 

n 

{TTa(f>T){xi, . ..,Xn) = '^{-1)'' T{xk)(f>{xi , . . . , Xk, ■ ■ ■ , Xn, a) 

fc=l 

+ (-l)"+V(a)0(xi,...,a;„). 

One can also go the other way around: first applying tt and then inducing a higher 
order algebra. 

Proposition 5.4. Let (V, 0, ai, . . . , a„_i) be an n-Hom- Nambu- Lie algebra and 
T a Tra4>-trace such that equations and US. 3\) are fulfilled. If there exists an 

element a €V such that a„_i(a) = a then it holds that (V, (7ra0)T-,ai, . . . ,a„_i) is 
a n-Hom- Nambu- Lie algebra with 

n 

(7rQ(/))^(a;i, . . . ,x„) = ^{-l)''T{xk)(t){xi, . ..,Xk,.. . ,a;„,a). 

fc=i 

One notes that the two types of twistings are in general not equivalent. In fact, 
assuming the two procedures in Propositions 15.31 and 15.41 are well defined for some 
element a £ V and denoting (pT- = ir't'j one can write 

(5.2) [[ir,Tra](f'){xi,. . . ,x„) = {-iyW{a)(f>{xi, . . . ,a;„). 

Thus, unless a S kerr, one recovers the "untwisted" n-Hom-Nambu-Lie algebra as 
the commutator of the maps v and tt^. If a G kcrr then the two procedures yield 
the same result. 

Recalling the possible cases for the relation between ai, . . . ,a„ and the kernel 
of r, one notes that in case (IC2[) any fixed point of ai is necessarily in the kernel 
of T, which implies that [v, tTq] = 0. In case (jCip there might be fixed points in U. 

6. Higher order constructions 

A natural extension of the current framework would be to construct a (n + p)-Lie 
algebra from an n-Lie algebra and a p-form by using the wedge product. Let us 
illustrate how this can be done and investigate the connection to a closely related 
kind of algebras, satisfying the so called generalized Jacobi identity. 

Definition 6.1. Let {V, (p, ai, . . . , be an n-ary Hom-Nambu-Lie algebra and 

let T e A'PV be a p-form. Define r A </> : V"+p ^ by 

(t A(l)){xi,...,Xn+p) = ^ sgn(cr)T(x^(i),...,x^(p))(/)(a;^(p+i),...,a;^(„+p)) 

— 4*T (-^1 ; • ■ • ; XjiJ^p) 

for all xi , . . . , Xn+p G V . 

There is a natural extension of the concept of 0-traces to p-forms. 

Definition 6.2. For : — ^ we call r G h^V a (f)- compatible p-form if 
t{(I)(xi, . . .,Xn),yi, . ■ ■ ,yp-i) = for ah xi, ...,x„,yi,.. .,yp-i G V. 
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The fundamental identity of n-Lie algebras is not a complete symmetrization of an 
iterated bracket. The generalized Jacobi identity is a more symmetric extension of 
the standard Jacobi identity. 

Definition 6.3. A vector valued form (}> S A"(V, V) is said to satisfy the generalized 
Jacobi identity if 

(6.1) ^ sgn(cr)0(0(a;^(i),...,a;^(„)),a;„(„+i),...,a;^(2„_i)) =0 

o-eS2„-i 

for all xi , . . . , X2n-i S V . 

In the following we study the question when r A satisfies the generalized Jacobi 
identity, or the fundamental identity of 7i-Lie algebras. 

For (j) e ^''{V,V) and ■(/' G A'+^(y) (or A'+^(y, F)) one defines the interior 
product i^i) e a'=+'(V) (resp. ^''+'^{V,V)) as 

(6.2) i0V(a;i, . . . ,a;fc+() = X! i'{4>{xa{i), ■ . ■ ,Xai^k)),x„(^k+i)i ■ ■ ■ :X„(^k+i)) ■ 

The generalized Jacobi identity for (j) can then be expressed as i^(f> — 0. The interior 
product satisfies the following properties with respect to the wedge product (see 

e.g. m) 

(6.3) Va^V' = t a (i^ip) 

(6.4) i^{t a V) = («0t) a ^ + (-l)('=-i)''T A (z^V), 

where r £ Ap{V). With these set of relations at hand, one can now easily prove 
the following statement. 

Proposition 6.4. // £ A"{V,V) satisfies the generalized Jacobi identity and r 
is a (p- compatible p-form, then t A (j) satisfies the generalized Jacobi identity. 

Proof. The generalized Jacobi identity can be expressed as irAcjiij Ac/)) =0. One 
computes 

irA0(T A 0) = T A (v(t a 0)) = t a ((i^r) A + (-l)("-i)''r A (i^^)) 
= TA(i0T) A0 = O, 

since r is (/)-compatible (which implies i^r — 0) and i^t/) = by assumption. □ 

It is known that the bracket of any n-Lie algebra satisfies the generalized Jacobi 
identity (see e.g. |12)). which can be shown by symmetrizing the fundamental 
identity of the n-Lie algebra. Starting from an n-Lie algebra. Proposition [63] does 
not guarantee that r A </) defines a Nambu-Lie algebra. However, if we assume that 

((jxi---xp_i-r) Arj (?/i, . . . ,2/p+i) = (T(a;i, . . . , Xp_i, •) A r) (yi, . . . , yp+i) =0 

for all xi, . . . , Xp_i, j/i, . . . , j/p+i G V , then the desired result follows. 

Proposition 6.5. Let (V, (j)) be an n-Nambu-Lie algebra and assume that t is a 
(j)- compatible p-form such that {ixi---Xp-iT) At — for all Xi, . . . ,Xp-i G V. Then 
(y,T A (j)) is a (n + p)- Nambu-Lie algebra. 
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Proof. Let us start by introducing some notation. Let X — {xi, . . . , Xm~i) and 
X — {xi, . . . , Xm) be ordered sets, and let X be an ordered subset of X such that 
X = (xij, . . . , Xip) with ik < ii ii k < I. By X\X (or X\X) we mean the ordered 
set obtained from X (or X) by removing the elements in X. Similarly, we set 
y — {yi, . . . ,ym) and let Y be an ordered subset of y. 

Let xi, . . . , Xrn-i, 2/1, ■ • • , Vm be arbitrary elements of V and set 

x„i = (r A (j)){yi, ■ . . 

The fundamental identity can then be written as 

rn 

FI = (r A (?!))(yi, . . ■,yk-i, (t A (?!))(a;i, . . . ,Xm-i,yk),yk+i, ■ ■ ■,yni) 
(6-5) k=i 

- [t A(f>){xi,...,Xm) = 0. 

Since r is compatible with (/), all of the terms with Xm inside r vanish, and one can 
rewrite the second term in ()6.5p as 

(6.6) (TA</))(a:i,...,x,„) = ^ sgn(X)sgn(y)T(X)r(F)0(A'\X,^(3;\r)), 

xcA',yc:^' 

where sgn(X) denotes the sign of the permutation a G Sm such that 

{X\X., Xm) = (Xo.(p+l) , . • . , a;CT(m)), 
and sgn(y) denotes the sign of the permutation p G Sm such that 

^ = {yp{i),---,yp{p)) 
y\Y = (yp(p+i), • • • ,yp(m))- 

Let us now turn to the first term in ()6.5p . which will generate two types of terms. 
The first kind, A, will include a r acting on yk, and the second kind, B, include no 
such T. One can now rewrite i? in a fashion similar to (|6.6p 

S= sgn(X)sgn(r)T(X)r(y)x 

where (t/ij, . .. ,yi^) = y\Y. Now, one notes that subtracting B from (|6.6p gives 
zero due to the fact that (p satisfies the fundamental identity. Thus, there will only 
be terms of type A left in (|6.5p . To rewrite these terms we introduce yet some 
notation. 

Let Y — (yjj^ , . . . , ) be an ordered subset of Y and let X be an ordered 
subset of X with \X\ = n. By sgn(yfe) we denote the sign of the permutation a 
such that cr(m) = k and 

y = (2/a(p+l), • • ■ ,ycr{rn-l)) 

y\Y = (2/<t(i), ■ • • 
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and by sgn(X) we denote the sign of the permutation p such that p{p) = m and 

^ (■^p(pH-l) 5 • ■ • ! pirn) ) 
X\X = {Xp(i), . . . ,Xp(p_i)) 

with the definition Xm ~ yu- In this notation, the terms of type A can be written 
as 

A= sgn(X)0(f,0(X)) ^g<Yk)T{X\X,yk)T{y\Y\{yu}) 

Y<zy,x<zx vkey\Y 

(X sgn(X)0(f,0(X))((z,^,,,...,^,^_,,T)Ar)(3;\y) = O, 

Yizy,X(zx 

since {ixi-'-xp^iT) A r = for all si, . . . , Xp_i <eV . □ 

The following example provides a generic construction in the case when (j) maps 
onto a proper subspace of V . 

Example 6.6. Let {V, (p) he an n-Lie algebra, with dim(y) — m, such that cf) : 
Y"^ — > [/, where U is a m — p dimensional subspace of V (p > I). Given a basis 
Ml, ... , Ujn-p of U, we define t G /\^ V as 

r(wi, . . . = det(ui, . . . , Wp, ui, . . .,Um-p)- 

Then t is a (j)- compatible p-form on V. Let us now show that (ivi---Vp-iT) A r = 0. 
From the definition of t one obtains 

{{ivi-Vp-iT) At){wi,...,Wp+i) 

= Y sgn(cr)det(z;i, . . . ,Wp_i, . . . jWni.p) 

X det(u;^(2), . . . , Wcr(p+i) , "i, • ■ ■,Um~p)- 

For this to be non-zero, one needs first of all that vi, . . . , Wp-i, ui, . . . , Um~p and 
wi,. . . ,u'p+i are two sets of linearly independent vectors. Even though this is is 
the case every term in the sum is zero since for a non-zero result one needs that 
Wi, . . . , Wp+i are linearly independent of Ui, . . . , Um~p, which is impossible due to 
the fact that wi,. . . jUip+i are linearly independent and dim(y) = to. Hence, by 
Provosition 1 6. 51 (V,t Acf)) is a [n + p)-Nambu-Lie algebra. 
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